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Abstract. Recently a class of scalable multi-star optical networks is proposed. In this network class nodes are
grouped into clusters. Each cluster employs a separate pair of broadcast and select couplers. The clusters
interconnected via fiber links according to a regular topology. This approach efficiently combines time and/or
wavelength division with direct space division. One important issue for this network class is the conflict-free
channel set assignment that maximizes spatial re-use of channels. This paper studies the conflict-free chanr
set assignment for the hypercube cluster interconnection topology. The approach in this paper is novel and |
conjectured to be optimal.

Keywords:

1. Introduction

Emerging high bandwidth applications, such as voice/video services, distributed database
and network super-computing, are driving the use of single-mode optical fibers as the com
munication media for the future (Burr, 1986). Optical passive stars (Dragone, 1988) provide
a simple medium to connect nodes in a local or metropolitan area network. The single-sta
optical networks with time and/or wavelength division multiplexing have been extensively
studied in the past (Chen et al., 1990; Hluchyj and Karol, 1991; Wan, —). However, the
scalability of the single-star configuration is constrained by the number of wavelengths
that can be coupled and separated while maintaining acceptable crosstalk and power bu
get levels. Recently a multi-star configuration which efficiently combines space with time
and/or wavelength division was proposed in (Aly and Dowd, 1994) to overcome this con-
straint. In this network class nodes are grouped into clusters with time and/or wavelengt!
multiplexing. Clusters are interconnected via fiber links to foroluester interconnection
network(CIN). If the cluster size is more than one, self cluster links are provided to enable
connectivity among nodes in the same cluster. Wavelength spatial re-use is exploited in th
channel set assignment to clusters. This network class has several advantages includi
low link density, nice scalability and desirable reconfigurability (Aly, 1993).

One important issue in the design of this network class is conflict-free channel set as
signment to the transmitters. To reduce the number of required channels, an objective fc
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conflict-free channel set assignmentis to find the minimal number of disjoint channel setsre
quired by the conflict-free communication. This optimal conflict-free channel set assignment
problem has been studied for various CIN topologies in (Aly 1993). In this paper, we use
the hypercube as the CIN topology. Two cases are studied. One is without self-cluster link
and the other is with self-cluster links. For either case, a simple near-optimal conflict-free
channel set assignment scheme is given. The number of channel sets used in either of t
two scheme is in general very close to the lower-bound for the minimal number of required
channel sets. For some particular values of the number of clusters in the network, the tw
scheme are optimal. We conjecture that the two assignment scheme are optimal.

The rest of this paper proceeds as follows. Section 2 describes the network configuratior
Section 3 presents a graph-theoretic formulation of the conflict-free channel set assignmel
problems into two vertex coloring problems. Section 4 gives a simple and efficient coloring
scheme for each vertex coloring problem. Finally a conclusive discussion is presented il
Section 5.

2. Network configuration

In this section we introduce the network configuration of the cluster-based multi-star optical
network. The network containsl = mgm; nodes, which are grouped inin; clusters.
A node represents the lowest abstraction level and may consist of a single processor, mu
tiple time-multiplexed processors, an interface to a space switch, or a broadband networ
interface unit. Each node possesses a single fixed-wavelength transmitter (light source
and a receiver that is capable to simultaneously monitor a subset of separable channels.
channel here can be a reserved time slot, a dedicated wavelength, or a reserved time s
over a given wavelength. The receiver can be realized using a multichannel acoustoopti
tunable filter or a detector array with a passive (grating based) wavelength demultiplexe
(Jump, 1992). Each cluster possesses its own broadcast and select domains realized by
output and an input star couplers, respectively. d@laster interconnection netwo(CIN)
refers to the fiber connection pattern from output to input couplers. Wienl, each
cluster is provided with a self link to enable connectivity among nodes in the same cluster
Figure 1 illustrates a cluster-based 3-cube network.

It's easy to see that the dimension of the output couplenisF and that of the input
coupler isF : mg, where

F = the degree of the CIN topology
if mp =1 and
F =1+ the degree of the CIN topology

if my > 1.

The comunications between transmitters and receivers are as follows. Nodes in a clust
transmit over an ordered setrof distinct channels through the output broadcast star coupler.
At the input coupler side, several distinct channel sets are monitored depending on the CII
topology. Transmit channel sets are assigned to the output couplers such that no conflic
may happen at the input coupler. That is, the assignment is such that the channel sets whi
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Figure L An 8 cluster 3-cube network with self links (2 nodes per cluster). Clusters 000 and 111 transmit
over channel se€y = {Cgo, Co1}, Clusters 001 and 110 transmit over channelGet= {Cjg, C11}, Clusters

010 and 101 transmit over channel €&t = {Cyp, C21}, and Clusters 011 and 100 transmit over channel set
C3 = {Cg0, C31}. Input couplers receive conflict-free the set of all chanfels Cy U C; U Cp U C3. Passive
individual channel selection can be done at the cluster or node level.

can be listened to through any input coupler are disjoint to provide a collisionless environ-

ment. Infigure 1, 4 channel sets are used by the conflict-free channel assignment for 3-cub
The above cluster-based optical network efficiently combines space with time and/o

wavelength division. It has several advantages including low link density, nice scalability

and desirable reconfigurability. It reduces to an all-spaced network mhen 1, and to a

time and wavelength division multiplexed (TWDM) network whep= 1.

3. Conflict-free channel set assignment: A vertex coloring formulation

Let Copt be the minimal number of disjoint channel sets to satisfy the conflict-free com-
munication condition for a given CIN topology. An objective is to fi@gy to reduce
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the number of required channels. Consequently, larger networks can be built with lowel
space complexity. Since an input cluster always listeris twitput couplers, an immediate
lower-bound forCop is given by the following lemma.

Lemmal. (Lower-boundl Cop > F.

To find the tight upper-bound faC,;, we will formulate the conflict-free channel set
assignment problems into vertex coloring problems. The formulation is valid for all CIN
topologies which can be represented as undirected regular graphs. When an undirect
regular graph, such as hypercube, is used as the CIN topology, we actually treat each ed
as a bidirectional link. Before we present the vertex coloring formulation, we first give a
characterization of the conflict-free communication condition.

Lemma 2. Suppose that the CIN topology is an undirected regular graph.

1. If mg = 1, then a channel set assignment is conflict-free if and only if any two clusters
with distance2 in the CIN topology have disjoint channel sets.

2. If mg > 1, then a channel set assignment is conflict-free if and only if any two clusters
with distance at mos2 in the CIN topology have disjoint channel sets.

The proof of this lemma is straightforward and we omit the proof here. Now we consider
the following two vertex coloring problems.

2-VC. Given a regular grapls, a vertex coloring scheme is called a 2-VC @fif no
two vertices with distance of two have the same color. The minimal number of colors
required by any 2-VC of5 is denoted by, (G).

2-VC. Given aregular grapB, a vertex coloring scheme is calle@a/C of G if no two
vertices with distance of at most two have the same color. The minimal number of colors
required by an2-VC of G is denoted byy(G).

If we regard clusters as vertices and the channel sets as colors, then from Lemma 2, w
can establish the equivalence between the conflict-free channel set assignment probler
and the above vertex coloring problems as stated in the next lemma.

Lemma 3. Suppose that the CIN topology G is an undirected graph.
1. If mg = 1, then Gpt = x2(G).
2. Ifmg > 1, then G = x3(G).

So in order to find the optimal conflict-free channel set assignment for a given CIN
topology G, we only need to find the values g&(G) and x5(G). In the next section,
we will give tight upper-bounds fog2(C,) and x3(C,) whereC, is the n-dimensional
hypercube on-cube in short.

4. Coloring schemes fom-cube

In a binaryn-dimensional hypercubg,,, we index each vertex by a binanyvector. For
each1<i < n, theith entry of a binary-vectorv is denoted by;. Sov can be represented
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as(vy, v, ..., vp). The sum of two binary-vectors is defined by the modulo two sum (or
exclusive or). TheHamming distancbetween two binam-vectorsu andwv, denoted by
d(u, v), is defined as the number of positions at which the entriesasfdv are different.
It's well known that the distance between two verticeandv in ann-cube is equal to the
Hamming distance betweenanduv.

Before we describe the coloring schemes, we introduce a special class of matrices calle
binary representation matricRM). The binary representation matrix BRMf orderk
is of dimensiork x [log, k1, in which rowi is the binary[log, k]-vector of the numbeir
for 1 <i < k. For example, the matrix

BRMs =

PP, OOO
oOOoORrRrRO
P OROR

is the binary representation matrix of order 5.

In the next, we will describe our coloring schemes. The colors are also indexed by binary
vectors. For any binarg-vectorv, we usev to denote the binargn — 1)-vector obtained
from v by removing the last entry af, i.e.,v = (vy, v2, ..., Un_1).

2-Scheme. For any vertex, coloringv with the coloriBRMp_;.
2-Scheme. For any vertex, coloringv with the coloruBRM,.

We will show that 2-Scheme is a 2-VC 6f,, and2-Scheme is 2-VC of C,,.
Theorem 1. 2-Scheme is 2-VC of G,.

Proof: Letu andv be any two vertices withl(u, v) = 2. Suppose that; # v and
uj # vj forsome 1<i < j < n. We consider two cases.

Case 1. j= n. In this case,
0BRM;_1 — 1BRM,_1 = (0 — 0)BRM;_1 = BRMp_y;
which is the binarylog, n]-vector of the numbeir. Therefore
0BRM,_; # 9BRM,_1

which meansi andv have different colors.
Case 2. j< n. Inthis case,

UBRMp_1 — 9BRMp_1 = (0 — 9)BRMy_; = BRM_3; + BRMy_3; # 0
sincei # j. This implies that andv have different colors.

Soin either casey andv have different colors. Therefore, 2-Scheme is a 2-VCof O
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A vertex coloring scheme is said to bdancedif each color is assigned to the same
number of vertices. Balance is a desired property for vertex colorings. The next lemme
shows that the 2-Scheme has this nice property.

Lemma4. The2-Scheme use®'°%" colors and it is a balanced vertex coloring scheme.

Proof: It's easy to see that 2-Scheme us8¥2' colors. So we only need to prove that
each color is assigned t82'°%" vertices. Since the rank of the matrix BRM is equal
to [log, n1, the dimension of the null space of BRM is equal tan — 1 — [log, n]. Notice
that each binaryn — 1)-vectoro corresponds to two binaryvectors. Therefore any color
is assigned to 22"-1-Mlog:n1 — 2n—(log 1 yertices ofC,,. O

Whenn = 2¥ for somek, the 2-Scheme useascolors, which is the lower-bound for
x2(Cn). Thus we can obtain the following corollary.

Corollary 1.  If n = 2X for some k then2-Scheme is an optim&tVC of G,.

In general, since
X2(Cn) < 2M°%" < 2n < 2y5(Cy),

2-Scheme is a near-optimal 2-VC fGy.
Now we prove thaR-Scheme is 2-VC for C,,.

Theorem 2. 2-Scheme is &-VC for G,.
Proof: Letuandv be any two vertices witld(u, v) < 2. We consider two cases.
Case 1. du, v) = 1. Suppose that; # v; for some 1< i < n. Then
UBRM, — vBRM, = (U — v)BRM, = BRMy
which is the binarylog,(n + 1)]-vector of the numbeir. Therefore

UBRMj, # vBRMj

which meanss andv have different colors.
Case 2. du,v) = 2. Suppose that; # v; andu;j # vj forsome 1<i < j <n. Then

UBRM; — vBRM, = (U — v)BRM, = BRM;;; + BRMp; # 0
sincei # j. This implies that andv have different colors.

So in either casey and v have different colors. Therefor@-Scheme is 2-VC
for C,,. O

Similar to the 2-Scheme, ti&Scheme is also a balanced vertex coloring scheme.
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Lemma 5. The 2-Scheme use®/°%(+D1 colors and it is a balanced vertex coloring
scheme.

The proof is similar to the proof for the 2-Scheme and we omit it here.
Whenn = 2¢ — 1 for somek, the2-Scheme useas+ 1 colors, which is the lower-bound
for x5(Cn). Thus we can obtain the following corollary.

Corollary 2. If n = 2% — 1 for some k then2-Scheme is an optim&+VC for G,.
In general, since
x3(Cn) < 2M0%MDT < 2(n + 1) < 2x5(Cn),

2-Scheme is at least a suboptir@aV/C for C,,.
From Lemma 1 and the above two theorems, we have

N <x2(Cp) < 2%,
N+ 1< x3(Cy) < 2M0%MHDT,

The above two corollaries say that the lower-bound can be achived for some special size
of the network. One question is whether the lower-bound given in Lemma 1 is always
achieveable. The following two examples give a negative answer.

Example 1 x2(Cs) = 2M°%31 = 4. This can be proved in the following way. Without
loss of generality, assume that vertex 000 has color 1, vertex 011 has color 2 and verte
101 has color 3. We consider the color of vertex 110. Since the vertex 110 has distanc
of 2 from each of the three vertices 000, 011 and 101, it must have some color differen
from color 1, 2 and 3. Thereforey,(C3) > 4. On the other hand, 4 is an upper bound for

x2(C3). S0x2(C3) = 4.

Example 2 x5(Cy) = 2'°%31 = 4. The proof is straightforward, since H, the distance
between any pair of vertices is at most two.

From the above two examples, we raise the the following conjecture. We conjecture tha
Conjecture 1. For any positive integer n

Xx2(Cp) =2M°%",
X3(Cp) = 210%M D1,

If this conjecture is true, then 2-Scheme is an optimal 2-VCGgrand 2-Scheme is an
optimal2-VC for C,,.
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5. Conclusion

This paper studied a passive optical realization of binary hypercube networks. The con
sidered configuration is cluster-based and has the potential of combining both time an
wavelength division multiplexing with a space-connected structure to achieve efficient scal
ability. The focus of this paper is on deriving optimal conflict-free channel sets assignments
We formulate the problem of optimal conflict-free channel sets assignments into vertex col-
oring problems. Two near-optimal coloring schemes are given and are conjectured to b
optimal.

This research suggests an interesting question in combinatorics. Given a regular grar
G, what is the minimum numbey;(G) of vertex colors such that every two vertices with
distance at most have different colors. We studieg(C,) for n-cubeC, in this paper.
What is x(Cy) for k > 3? Itis still open. In fact, our approach may not be able to apply
to the casd > 3.

Finally, the author would like to thank Professor Ding-Zhu Du for his kind help and
insightful discussions.
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